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1. Introduction:

The electron theory has been developed in three stages

:

Stage 1.:-

The Classical Free Electron Theory

:

Drude and Lorentz developed this theory in 1900. According to 

this theory, the metals containing free electrons obey the laws 

of classical mechanics.

Stage 2:-

The Quantum Free Electron Theory

:

Sommerfeld developed this theory during 1928. According to 

this theory, free electrons obey quantum laws.

Stage 3:-

The Band Theory or Zone Theory

:

Bloch stated this theory in 1928. According to this theory, 

the free electrons move in a periodic field provided by lattice. 

This theory is also called “ Band theory of solids”.  The concept 

of hole, origin of band gap and effective mass of electrons are 

special features of this theory or Zone theory of metals
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The fee electron theory is based on the following 

assumptions:

a. In metals, there are a large number of free electrons 

moving freely within the metals. The electrons revolve 

around the nucleus in an atom.

b. The free electrons are assumed to behave like gas 

molecules, obeying the laws of kinetic theory of gases. 

The mean kinetic energy of free electron is equal to 

that of gas molecules at the same temperature.

c. Electric conduction is due to motion of free electrons 

only. The +ve ion cores are at the fixed positions. The 

free electrons undergo incessant collisions with the 

ion core.



[image: image3.emf]d. The electric field due to the ion cores in constant 

through the metal (i.e., the free electrons move in a 

completely uniform potential field due to fixed in the 

lattice.). The repulsion between the electrons is 

negligible.

e.  When an electric field is applied to the metals, the 

free electrons are accelerated in the direction opposite 

to the direction of applied electric field.
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•

In metals free electrons move freely through the 

crystal lattice.

•

In absence of applied external field the net 

current due to the movement of electrons is 

zero since they move in all directions. 

•

In between two collisions the electrons move 

with uniform velocity. During every collision 

both the direction and the magnitude of 

velocity change.

•

In 1900, P. Drude made use of the electron 

gas model to explain electrical conduction in 

metals.
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Ohm’s law governs the electrical conduction in metals. 

At constant temp. the current I flowing through a wire is 

directly proportional to the applied potential difference 

V across the wire,

I 



V

R

V

I



where R is the resistance of the wire.

•The current is due to the motion of the conduction electrons under

the influence of the electric field. The field E exerts a force –eE on

the electrons. Due to the application electric field electron

accelerated. If v is the velocity of the electron and

t

is the time

between consecutive two collisions, the frictional force acting on the

electron can be written as



v

m



where m is the effective mass

of the electron.
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Newtons Law
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Under steady state condition

0





d
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Hence from eqn. (1)

v 

E

m

e

 



-------------- (2)

Eqn (2) is the steady state velocity of the electron.
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In absence of the field the electrons have random

motion, just as gas molecules in a gas container. The

randomly moving electrons undergo scattering and

change the direction. This random motion contributes

zero current and corresponding velocity is called the

random velocity.

•

In presence of a field, in addition to random velocity,

there is an additional net velocity associated with

electrons called drift velocity due to applied electric

field. Due to drift velocity vd, electrons with negative

charge move opposite to the field direction. This gives

the eqn, (2).

•

If n is the number of conduction electrons per unit

volume, then the charge per unit volume is (-ne). The

amount of charge crossing a unit area per unit time is

given by current density

J

.
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can be expressed in terms of the free electron density as



[image: image9.emf]The number of atoms per unit volume (the number free 

electrons for atoms like copper that have one free 

electron per atom) is

J

= -ne (

E

m

e

 

)

J

= 

E

m

ne



2

Since J = 

s

E where 

s

is the conductivity.
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is the resistivity.

From the eqn (3), it is that with increase of electron 

concentration n, the conductivity 

s

increases.

t

is the mean free lifetime which is actually the time

between two consecutive collisions. This is also called

a Relaxation time.
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The average distance traveled by an electron between 

two successive collisions in the presence of applied 

electric field is known a mean free path (

l

). 

The average time between collisions is given by

mean free path/ rms velocity of the electron

---------- (4)

The rms velocity, according to the kinetic theory of 

gases is given by

m

kT

c

3



----------- (5)
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From the eqn. (6), According to classical free electron

theory, the electrical conductivity is inversely

proportional to square root of absolute temperature.
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Under the influence of an external electric field, free electrons 

attain a directional steady state drift velocity of motion.

If the field is turned off, the steady state velocity is 

decreasing exponentially. Such a process tends to restore 

equilibrium, this is called relaxation process.

Drift velocity after the cut off of applied electric field
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At t=0; 

v

d

(0) is steady state drift velocity, when E is cut 

off

Let t = 

t;   

e

v
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d

d

) 0 (

) (
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------- (9)

Relaxation time can be defined as the time taken for

the drift velocity to decay to 1/e of its initial vale.

v

d

t

V

d

(0)

Fig. Relaxation of electron 

after electric field is cut off
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Mobility:

Mobility of the electron 

m 

is defined as the steady 

state drift velocity 

v

d

per unit electric field.

Resistivity 

s 

depends on n and 

m

. These two quantities depends on 

temperature.
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2. It explains the electrical and thermal conductivities 

of metals.

3. It derives Wiedeman – Franz Law (i.e., The relation 

between electrical and thermal conductivities).

4. It explains Optical properties of metals.

Success of Classical free electron theory:
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•

The phenomena such as Photoelectric effect, Crompton 

effect and the black body radiation couldn’t be 

explained by classical free electron theory.

•

Electrical conductivity couldn’t explained with 

temperature using this model. Electrical conductivity is 

inversely proportional to temperature T, while theory 

predicts that it is inversely proportional to square root 

of temperature T.

•

K/(

s

T) is constant according to this theory, where 

s

is 

conductivity, K is the thermal conductivity. But it is not 

constant.
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According to this theory the value of the electronic 

specific heat is equal to (3/2)R, But actually it is about 

0.01R only, where R is the universal gas constant.

•

The theoretical value of paramagnetic susceptibility is 

greater than the experimental value. Ferromagnetism 

cannot be explained by this theory. 
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• Sommerfeld, in 1928, applied the principle of quantum Mechanics to 

the Drude’s proposal of free electron gas.

• According to Sommerfeld’s model a valance electron moves freely in a 

constant potential within the boundaries of the metal and it is prevented 

from escaping the metal by very high potential at the boundaries. In 

other words electrons are trapped in a potential well. He assumed that 

a moving electron behaves as if it is a system of waves, called matter 

waves.

• By this theory Sommerfeld correctly predicted the values of specific 

heat of metals, electrical conductivity and thermal conductivity of 

metals.

• Only Fermi electrons are responsible for electrical conductivity and 

other properties.
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•Taking zero for the constsnt value of the potential inside the metal 

specimen, we solve the time independent wave equation to get the 

possible energy values E

n

of the electrons. This is similar as that of a 

particle in a potential box.

•In case of three dimensional n2 = n

x

2 + n

y

2 + n

z

2.

•Thus solution of the Schodinger equation tell us what are the energy 

states available for the electron.

•The problem is solved by quantum mechanically to find the possible 

values of energy possessed by the electron.

•To find the how the electrons are distributed among the different 

possible energy levels, For this purpose Sommerfeld employed 

Fermi – Dirac Statics instead of Maxwell – Bolzmann statics. 
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are called quantum numbers, which 

specify completely each energy state. Since for a electron inside the 

metal, 

c

cannot be zero, no quantum number can be zero.

The energy depends on the sum of the squares of the quantum 

numbers n

x

, n

y

, n

z

and not on their individual value.
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Several combinations of the three quantum numbers may give 

numbers may give different wave functions, but of the same energy 

value. Such sates and energy levels are said to be degenerate. 
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Fermions are particles which have half-integer spin and 

therefore are constrained by the Pauli exclusion principle. 

Particles with integer spin are called bosons. Fermions 

include electrons, protons, neutrons. 
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The distribution function f(E) is the probability that a particle is in 

energy state E. The distribution function is a generalization of the 

ideas of discrete probability to the case where energy can be treated 

as a continuous variable. Three distinctly different distribution 

functions are found in nature. The term A in the denominator of each 

distribution is a normalization term which may change with 

temperature. 

1. Maxwell Bolzmann distribution function:  Identical but 

distinguishable particles: Example:- gas molecules 

2. Bose – Einstein distribution: Indistinguishable and 

nonexclusive particles: Example:- Photons, 

a

particles

3. Fermi-Dirac distribution:- Indistinguishable and mutually 

exclusive particles. 
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At 0 deg K, the electrons are distributed in the lowest possible energy 

levels satisfying Pauli's Exclusion Principle. As the temperature 

increases, the electrons gain energy such that some of them are able 

to transfer to higher energy levels. The change in the occupancy of 

the energy levels as temperature increases is quantified by the Fermi-

Dirac Distribution Function, which gives the probability that an 

energy level is occupied by an electron at absolute temperature T.

where ƒ(E) is the probability that energy level E is occupied by 

an electron, E

f

is the Fermi Energy, and k is Boltzmann's 

constant 
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 EMBED PowerPoint.Slide.12 [image: image26.emf]At absolute zero K, there is zero 

probability that an electron will occupy 

any energy level above E

F

. Similarly, 

the probability that a permissible 

energy level below E

F

will be occupied 

by an electron is 1.



 EMBED PowerPoint.Slide.12 [image: image27.emf]As temperature increases above absolute zero, the distribution 

of electrons in a material changes. At T > 0 deg K, there is a 

non-zero probability that permissible energy levels above E

F

would be occupied, in the same way that there is non-zero 

probability that energy levels below E

F

would be empty. In fact, 

the probability that an energy level above E

F

is occupied 

increases with temperature.

The diagram shows the probability of an energy level being 

occupied, or ƒ(E) vs. energy, as a function of temperature. The 

figure shows that at T > 0 deg K, the plot of ƒ(E) against energy 

level is sigmoidal in shape. At E = E

F

, the probability that the 

energy level is occupied by an electron is 1/2.
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[image: image29.emf]Free electron Models

• Classical Model:

• Metal is an array of positive 

ions with electrons that are 

free to roam through the 

ionic array

– Electrons are treated as an ideal 

neutral gas, and their total 

energy depends on the 

temperature and applied field

– In the absence of an electrical 

field, electrons move with 

randomly distributed thermal 

velocities 

– When an electric field is 

applied, electrons acquire a net 

drift velocity in the direction 

opposite to the field

• Quantum Mechanical 

Model:

• Electrons are in a potential 

well with infinite barriers: 

They do not leave metal, 

but free to roam inside

– Energies that electrons can 

have are discrete (quantized) 

and well defined, so the 

assumption about electron 

thermal velocity is wrong

– Electrons occupy energy 

levels according to Pauli’s

exclusion principle

– Electrons acquire additional 

energy when electric field is 

applied 
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The main factoring affecting the electrical resistivity of solids are

1.Temperature

2.Defects (impurities)

The resistivity change is given by Matthiessen’s rule

impurity pure total

    

Where

r

pure

is temperature dependent

resistivity due to thermal vibrations of

the lattice

r

impurity

is caused by the scattering of

electrons by impurity atoms.

T5 

T

r
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where n ~ 3 to 5
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Fig. Resistivity of copper - nickel alloy
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Defect dependence

Variation of the resistivity is proportional to the square of 

excess charge of the impurity atom . Assigning two different 

relaxation times.

For an alloy consisting of a dilute solution of metal A, for small 

concentrations, the resistance follows Nordheim’s rule

r 

x (1-x)

Where x is the concentration of A atoms and (1-x) is the 

concentration of B atoms. 

Matthiessen’s rule

In this 

r

0

is independent of temperature, 

r

pure



T.
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Temperature dependence:

Temperature dependent resistivity arises from the scattering effect 

of the thermal vibrations of the atoms on the electrons.

The mean free path l is inversely proportional to the mean square 

of the amplitude of atomic vibrations A

0

.
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 EMBED PowerPoint.Slide.12 [image: image35.emf]Band Theory of solids

From the quantum free electron theory, the conduction 

electrons move in a region of constant potential inside 

a potential well or box.

We could explain electrical, thermal conductivity, etc., 

but no explanation for classification of solids into 

metals, semiconductors and insulators.



 EMBED PowerPoint.Slide.12 [image: image36.emf]Bloch Theorem:

•

Metals and alloys are 

crystalline in nature.

•

In Quantum free electron 

theory, the free electrons 

are considered in uniform 

constant potential, Now we 

have to consider the 

variation of potential 

inside the metallic crystal 

with the periodicity of the 

lattice as shown in Figure .

+ + +

+

+ + + +

+

+

+ + +

+ + +
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The potential is minimum at the positive ion sites and 

maximum between the two ions.

•

According to the one dimensional Schrödinger equation

+ + + +

------------ (1)

•

The periodic potential V(x) may be defined by means of 

the lattice constant a as 

V(x)=V(x+a)   ---------------- (2)

V

Surface Potential



 EMBED PowerPoint.Slide.12 [image: image38.emf]•According to Bloch, solution for one dimensional Schrödinger eqn

-------------- (3)

•In three dimension

--------------- (4)

•Equation (3) & (4) are the Bloch function in one and three 

dimension respectively.

•U

k

(x) and U

k

(r) are periodic with the periodicity of the crystal 

lattice. 

•The free electron is modulated by the periodic function U

k

(x) 

or U

k

(r). 



 EMBED PowerPoint.Slide.12 [image: image39.emf]•Let us consider a linear chain of atoms of atoms of length L in 

one dimensional case with N number of atoms in the chain 

(where N is even). Then

U

k

(x) = U

k

(x+Na)   ------- (5)

•Where a is the lattice distance.

•From equation (3) & (5)

Ψ

k

(x + Na) = U

k

(x+Na) exp [ik (x+Na)]

= exp (ikNa) U

k

(x) exp(ikx)

=Ψ

k

(x) exp (ikNa) ----------- (6)

•This is refereed to a Bloch condition. Similarly, the complex 

conjugate of eqn (6) can be written as

Ψ

k

* (x + Na)  = Ψ

k

(x)* exp (-ikNa) ----------- (7)



 EMBED PowerPoint.Slide.12 [image: image40.emf]•From eqn (6) and (7), we get that

Ψ

k

(x + Na) Ψ

k

* (x + Na)  = Ψ

k

(x) Ψ

k

(x) *  ---- (8)

•This means that the electron is not localized around any 

particular atom and the probability of finding the electron is 

same thought the crystal. Hence eqn. (6)

exp (ikNa) = 1.

i.e., kNa = 2

p

n  where n is an integer

•Where L is the length of the chain of atoms and 

n = 0, ±1, ±2,……..

------------ (9)



[image: image41.emf]Eqn. (10) shows that the first zone has allowed k – values equal

to the number atoms in the chain. If we consider in three

dimensions, the first zone has allowed k – values equal to the

number of atoms in the unit cell.

------------------ (10)



 EMBED PowerPoint.Slide.12 [image: image42.emf]Kroning Penny Model 

According to the zone theory (Kroning Penny model), the

potential of the solid varies periodically with the periodicity of

space lattice “a” which is nothing but inter atomic spacing. It is

assumed that the potential energy of the electron is zero near

the nucleus of the positive ion in the lattice and maximum when

it is half way between the adjacent nuclei as shown in Figure

below.

w

V

V

0

0 a 2a -a

-2a



 EMBED PowerPoint.Slide.12 [image: image43.emf]Kroning and Penny model proposed a simpler potential in the form of

square wells as shown in Figure above. Schrödinger equation in one

dimensional periodicity potential field is

(1)

•According to Bloch, solution for one dimensional Schrödinger 

eqn

U

k

(x) are periodic with the periodicity of the crystal lattice. 

U

k

(x) = U

k

(x+Na)   ------- (3)

(2)

The form of U

k

(x) depends on the exact nature of the

potential field. Ψ and

dx

d



should be continuous throughout the crystal.
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0

increases the width of the barrier w decreases, so that 

the product of V

0

w remains constant.

It turns out the solutions are possible only for energies given 

by the elation,

The parameter k is now referred to as the Bloch wave number.

P is referred to as the scattering power of the potential barrier, 

and V

0

w is called barrier strength. 



 EMBED PowerPoint.Slide.12 [image: image45.emf]According to the above equation it is between +1 and -1, this

means that energy E is restricted to lie within certain ranges,

which from the allowed energy bands or zones.

Analysis:-

1. Allowed ranges of aa which permit a wave mechanical 

solution to exist are shown by the shadow portions.  The 

motion of electrons in a periodic lattice is characterized by 

the bands of allowed energy separated by forbidden regions.

a

a

+1

-1



 EMBED PowerPoint.Slide.12 [image: image46.emf]•As the value of  a increases the width of the allowed energy bands 

also increases and the width of the forbidden band decreases. 

•If the potential barrier strength P is large, the function described 

by the right hand side of the equation crosses +1 and -1 region at a 

steeper angle. Thus the allowed bands become narrower and 

forbidden bands become wider.

•In the limit P → 



the allowed band reduces to one single energy 

level corresponding to the discrete energy level of an isolated atom.

P → 



a

a

0

+1

-1

0

a

a



 EMBED PowerPoint.Slide.12 [image: image47.emf]In the other extreme case when P  → 0, 

cos  ka = cos  

a

a

a

a

P  → 0

Thus k =

a



 EMBED PowerPoint.Slide.12 [image: image48.emf]This indicates that the particle is completely free and no energy 

levels exist. Thus by varying P from 0 to 



we find that the 

completely free electron becomes completely bound.

[In classical theory k is wave vector and P is the momentum; k is

directly proportional to P. Since the curve is a parabola, we infer that

the energy is varies continuously. But by Kroning Penny model, the

curve is parabola with some discontinuities. Thus allowed bands and

forbidden energy gap between the allowed bands.]

0

-p

/a

p

/a

E

E

g

k

k

E

0

Forbidden band

First allowed band

Second allowed band

Classical model

Kroning Penny model

Fig. Energy vs momentum curve



[image: image49.emf]Brillouin Zones

:-

The Brillouin zone is a representation of permissive values of

k

of the electrons in one, two or three dimensions. Thus the

energy spectrum of an electron moving in the presence of a

periodic potential field is divided into allowed zones and

forbidden zones.

When a parabola representing the energy of a free electron is

compared with the energy of an electron in a periodic field as

shown in Figure, it is clear that the discontinuities in the

parabola occur at values of

k

given by
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It verifies Ohm’s Law.



It explains the electrical and thermal conductivities of metals.



It derives Wiedeman – Franz Law (i.e., The relation between electrical and thermal conductivities).



It explains Optical properties of metals.



Success of Classical free electron theory:
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Defect dependence



Variation of the resistivity is proportional to the square of excess charge of the impurity atom . Assigning two different relaxation times.

 

For an alloy consisting of a dilute solution of metal A, for small concentrations, the resistance follows Nordheim’s rule

r  x (1-x)

Where x is the concentration of A atoms and (1-x) is the concentration of B atoms. 

Matthiessen’s rule

In this r0 is independent of temperature, rpure  T.
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From eqn (6) and (7), we get that



Ψk (x + Na) Ψk* (x + Na)  = Ψk(x) Ψk(x) *  ---- (8)



This means that the electron is not localized around any particular atom and the probability of finding the electron is same thought the crystal. Hence eqn. (6)



exp (ikNa) = 1.

i.e., kNa = 2pn  where n is an integer



Where L is the length of the chain of atoms and 

                                n = 0, ±1, ±2,……..

------------ (9)
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As V0 increases the width of the barrier w decreases, so that the product of V0w remains constant.



It turns out the solutions are possible only for energies given by the elation,







The parameter k is now referred to as the Bloch wave number.

  

P is referred to as the scattering power of the potential barrier, and V0w is called barrier strength. 
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This indicates that the particle is completely free and no energy levels exist. Thus by varying P from 0 to  we find that the completely free electron becomes completely bound. 

[In classical theory k is wave vector and P is the momentum; k is directly proportional to P. Since the curve is a parabola, we infer that the energy is varies continuously. But by Kroning Penny model, the curve is parabola with some discontinuities. Thus allowed bands and forbidden energy gap between the allowed bands.]
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Brillouin Zones:-

The Brillouin zone is a representation of permissive values of k of the electrons in one, two or three dimensions.  Thus the energy spectrum of an electron moving in the presence of a periodic potential field is divided into allowed zones and forbidden zones.

When a parabola representing the energy of a free electron is compared with the energy of an electron in a periodic field as shown in Figure, it is clear that the discontinuities in the parabola occur at values of k given by 
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As the value of  a increases the width of the allowed energy bands also increases and the width of the forbidden band decreases. 



If the potential barrier strength P is large, the function described by the right hand side of the equation crosses +1 and -1 region at a steeper angle. Thus the allowed bands become narrower and forbidden bands become wider.



In the limit P →  the allowed band reduces to one single energy level corresponding to the discrete energy level of an isolated atom.
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In the other extreme case when P  → 0, 

	cos  ka = cos  aa









aa

P  → 0

Thus k = a
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According to the above equation it is between +1 and -1, this means that energy E is restricted to lie within certain ranges, which from the allowed energy bands or zones. 

Analysis:-



1. Allowed ranges of aa which permit a wave mechanical solution to exist are shown by the shadow portions.  The motion of electrons in a periodic lattice is characterized by the bands of allowed energy separated by forbidden regions.
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Kroning Penny Model 

According to the zone theory (Kroning Penny model), the potential of the solid varies periodically with the periodicity of space lattice “a” which is nothing but inter atomic spacing. It is assumed that the potential energy of the electron is zero near the nucleus of the positive ion in the lattice and maximum when it is half way between the adjacent nuclei as shown in Figure below.
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Kroning and Penny model proposed a simpler potential in the form of square wells as shown in Figure above. Schrödinger equation in one dimensional periodicity potential field is





(1)

According to Bloch, solution for one dimensional Schrödinger eqn



Uk (x) are periodic with the periodicity of the crystal lattice. 



Uk(x) = Uk (x+Na)   ------- (3)





(2)

The form of Uk (x) depends on the exact nature of the potential field. Ψ and 



 should be continuous throughout the crystal. 
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Eqn. (10) shows that the first zone has allowed k – values equal to the number atoms in the chain. If we consider in three dimensions, the first zone has allowed k – values equal to the number of atoms in the unit cell.

------------------ (10)
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Bloch Theorem:

Metals and alloys are crystalline in nature.



In Quantum free electron theory, the free electrons are considered in uniform constant potential, Now we have to consider the variation of potential inside the metallic crystal with the periodicity of the lattice as shown in Figure .
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According to Bloch, solution for one dimensional Schrödinger eqn



-------------- (3)



   

In three dimension 



--------------- (4)

Equation (3) & (4) are the Bloch function in one and three dimension respectively.

Uk (x) and Uk(r) are periodic with the periodicity of the crystal lattice. 

The free electron is modulated by the periodic function Uk(x) or Uk(r). 
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Let us consider a linear chain of atoms of atoms of length L in one dimensional case with N number of atoms in the chain (where N is even). Then



Uk(x) = Uk (x+Na)   ------- (5)

Where a is the lattice distance.



From equation (3) & (5)

Ψk (x + Na) = Uk (x+Na) exp [ik (x+Na)]

= exp (ikNa) Uk(x) exp(ikx)

     =Ψk(x) exp (ikNa) ----------- (6)



This is refereed to a Bloch condition. Similarly, the complex conjugate of eqn (6) can be written as



Ψk* (x + Na)  = Ψk(x)* exp (-ikNa) ----------- (7)
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The potential is minimum at the positive ion sites and maximum between the two ions.

According to the one dimensional Schrödinger equation 



+

+

+

+



------------ (1)

The periodic potential V(x) may be defined by means of the lattice constant a as 

V(x)=V(x+a)   ---------------- (2)
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Temperature dependence:

Temperature dependent resistivity arises from the scattering effect of the thermal vibrations of the atoms on the electrons.



The mean free path l is inversely proportional to the mean square of the amplitude of atomic vibrations A0.

A02  mean potential energy  kT, A02  T or l  1/T



Hence

Over a wide temperature range 

Near room temperature 
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Band Theory of solids

From the quantum free electron theory, the conduction electrons move in a region of constant potential inside a potential well or box.



We could explain electrical, thermal conductivity, etc., but no explanation for classification of solids into metals, semiconductors and insulators.
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Fig. Resistivity of copper as a function of the second component
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The Fermi-Dirac Distribution 



At 0 deg K, the electrons are distributed in the lowest possible energy levels satisfying Pauli's Exclusion Principle.  As the temperature increases, the electrons gain energy such that some of them are able to transfer to higher energy levels.  The change in the occupancy of the energy levels as temperature increases is quantified by the Fermi-Dirac Distribution Function, which gives the probability that an energy level is occupied by an electron at absolute temperature T.  

where ƒ(E) is the probability that energy level E is occupied by an electron, Ef is the Fermi Energy, and k is Boltzmann's constant 
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Electron scattering and resistance

The main factoring affecting the electrical resistivity of solids are

Temperature

Defects (impurities)

The resistivity change is given by Matthiessen’s rule





Where rpure is temperature dependent resistivity due to thermal vibrations of the lattice

rimpurity is caused by the scattering of electrons by impurity atoms.
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At low temperature 
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Free electron Models


• Classical Model:


• Metal is an array of positive 


ions with electrons that are 


free to roam through the 


ionic array


– Electrons are treated as an ideal 


neutral gas, and their total 


energy depends on the 


temperature and applied field


– In the absence of an electrical 


field, electrons move with 


randomly distributed thermal 


velocities 


– When an electric field is 


applied, electrons acquire a net 


drift velocity in the direction 


opposite to the field


• Quantum Mechanical 


Model:


• Electrons are in a potential 


well with infinite barriers: 


They do not leave metal, 


but free to roam inside


– Energies that electrons can 


have are discrete (quantized) 


and well defined, so the 


assumption about electron 


thermal velocity is wrong


– Electrons occupy energy 


levels according to Pauli’s


exclusion principle


– Electrons acquire additional 


energy when electric field is 


applied 






Free electron Models.

N
T
== el

il










At absolute zero K, there is zero probability that an electron will occupy any energy level above EF. Similarly, the probability that a permissible energy level below EF will be occupied by an electron is 1.
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As temperature increases above absolute zero, the distribution of electrons in a material changes.  At T > 0 deg K, there is a non-zero probability that permissible energy levels above EF would be occupied, in the same way that there is non-zero probability that energy levels below EF would be empty. In fact, the probability that an energy level above EF is occupied increases with temperature.

     

The diagram shows the probability of an energy level being occupied, or ƒ(E) vs. energy, as a function of temperature.  The figure shows that at T > 0 deg K, the plot of ƒ(E) against energy level is sigmoidal in shape.  At E = EF, the probability that the energy level is occupied by an electron is 1/2.
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Taking zero for the constsnt value of the potential inside the metal specimen, we solve the time independent wave equation to get the possible energy values En of the electrons. This is similar as that of a particle in a potential box.





In case of three dimensional n2 = nx2 + ny2 + nz2.

Thus solution of the Schodinger equation tell us what are the energy states available for the electron.



The problem is solved by quantum mechanically to find the possible values of energy possessed by the electron.

To find the how the electrons are distributed among the different possible energy levels, For this purpose Sommerfeld employed Fermi – Dirac Statics instead of Maxwell – Bolzmann statics. 
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Fermions



Fermions are particles which have half-integer spin and therefore are constrained by the Pauli exclusion principle. Particles with integer spin are called bosons. Fermions include electrons, protons, neutrons. 
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The Energy Distribution Function 



The distribution function f(E) is the probability that a particle is in energy state E. The distribution function is a generalization of the ideas of discrete probability to the case where energy can be treated as a continuous variable. Three distinctly different distribution functions are found in nature. The term A in the denominator of each distribution is a normalization term which may change with temperature. 



Maxwell Bolzmann distribution function:  Identical but distinguishable particles: Example:- gas molecules 	

Bose – Einstein distribution: Indistinguishable and nonexclusive particles: Example:- Photons, a particles

Fermi-Dirac distribution:- Indistinguishable and mutually exclusive particles. 







The Energy Distribution Function
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The three integers nx, ny, nz are called quantum numbers, which specify completely each energy state. Since for a electron inside the metal, c cannot be zero, no quantum number can be zero.

	

The energy depends on the sum of the squares of the quantum numbers nx, ny, nz and not on their individual value.









Several combinations of the three quantum numbers may give numbers may give different wave functions, but of the same energy value. Such sates and energy levels are said to be degenerate. 
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According to this theory the value of the electronic specific heat is equal to (3/2)R, But actually it is about 0.01R only, where R is the universal gas constant.



The theoretical value of paramagnetic susceptibility is greater than the experimental value. Ferromagnetism cannot be explained by this theory. 
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Quantum Free Electron Model

Sommerfeld, in 1928, applied the principle of quantum Mechanics to the Drude’s proposal of free electron gas.



According to Sommerfeld’s model a valance electron moves freely in a constant potential within the boundaries of the metal and it is prevented from escaping the metal by very high potential at the boundaries. In other words electrons are trapped in a potential well. He assumed that a moving electron behaves as if it is a system of waves, called matter waves.



By this theory Sommerfeld correctly predicted the values of specific heat of metals, electrical conductivity and thermal conductivity of metals.



Only Fermi electrons are responsible for electrical conductivity and other properties.









‘Quantum Free Electron Mode!





Drawbacks of Classical Free electron theory:



The phenomena such as Photoelectric effect, Crompton effect and the black body radiation couldn’t be explained by classical free electron theory.



Electrical conductivity couldn’t explained with temperature using this model. Electrical conductivity is inversely proportional to temperature T, while theory predicts that it is inversely proportional to square root of temperature T.



K/(sT) is constant according to this theory, where s is conductivity, K is the thermal conductivity. But it is not constant.
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The current density (electric current per unit area, J=I/A) can be expressed in terms of the free electron density as
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From the equation (3), (4), and (5)



s = 



      ----- (6)





r = 

=

From the eqn. (6), According to classical free electron theory, the electrical conductivity is inversely proportional to square root of absolute temperature. 
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From the equation 3. (4.and 5)
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  -------- (8)

At t=0; vd(0) is steady state drift velocity, when E is cut off



Let t = t;   





 ------- (9)

Relaxation time can be defined as the time taken for the drift velocity to decay to 1/e of its initial vale.
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Fig. Relaxation of electron 

after electric field is cut off
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Mobility: 

		Mobility of the electron m is defined as the steady state drift velocity vd per unit electric field.





Resistivity 

s depends on n and m. These two quantities depends on temperature.
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Relaxation time:-

Under the influence of an external electric field, free electrons attain a directional steady state drift velocity of motion. 

If the field is turned off, the steady state velocity is decreasing exponentially. Such a process tends to restore equilibrium, this is called relaxation process.



Drift velocity after the cut off of applied electric field





  --------- (7)
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s = 



  ----------- (3)





r = 

 = 

 is the resistivity.



From the eqn (3), it is that with increase of electron concentration n, the conductivity s increases.

t is the mean free lifetime which is actually the time between two consecutive collisions. This is also called a Relaxation time. 
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The average distance traveled by an electron between two successive collisions in the presence of applied electric field is known a mean free path (l). 



The average time between collisions is given by



 

mean free path/ rms velocity of the electron



  ---------- (4)

The rms velocity, according to the kinetic theory of gases is given by





   ----------- (5)
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The number of atoms per unit volume (the number free electrons for atoms like copper that have one free electron per atom) is





J = -ne (



)

J = 



Since J = sE where s is the conductivity.
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 Electrical conductivity, Drift Velocity and mean free path

In metals free electrons move freely through the crystal lattice.



In absence of applied external field the net current due to the movement of electrons is zero since they move in all directions. 



In between two collisions the electrons move with uniform velocity. During every collision both the direction and the magnitude of velocity change.



In 1900, P. Drude made use of the electron gas model to explain electrical conduction in metals.
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Using Newtons Law





  --------- (1)

	Under steady state condition



Hence from eqn. (1)

v 



  --------------  (2)

Eqn (2) is the steady state velocity of the electron.
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Eqn (2)is the steady stae veloiy of he lctron.





In absence of the field the electrons have random motion, just as gas molecules in a gas container. The randomly moving electrons undergo scattering and change the direction. This random motion contributes zero current and corresponding velocity is called the random velocity.

In presence of a field, in addition to random velocity, there is an additional net velocity associated with electrons called drift velocity due to applied electric field.  Due to drift velocity vd, electrons with negative charge move opposite to the field direction. This gives the eqn, (2).

If n is the number of conduction electrons per unit volume, then the charge per unit volume is (-ne). The amount of charge crossing a unit area per unit time is given by current density J.
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Ohm’s law governs the electrical conduction in metals. At constant temp. the current I flowing through a wire is directly proportional to the applied potential difference V across the wire,

I  V



	where R is the resistance of the wire.

The current is due to the motion of the conduction electrons under the influence of the electric field. The field E exerts a force –eE on the electrons. Due to the application electric field electron accelerated. If v is the velocity of the electron and t is the time between consecutive two collisions, the frictional force acting on the electron can be written as  



 where m is the effective mass 

of the electron.
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2. The Classical Free Electron Theory of Metals

 The fee electron theory is based on the following assumptions:



In metals, there are a large number of free electrons moving freely within the metals. The electrons revolve around the nucleus in an atom.



b. The free electrons are assumed to behave like gas molecules, obeying the laws of kinetic theory of gases. The mean kinetic energy of free electron is equal to that of gas molecules at the same temperature.



c. Electric conduction is due to motion of free electrons only. The +ve ion cores are at the fixed positions. The free electrons undergo incessant collisions with the ion core.
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d. The electric field due to the ion cores in constant through the metal (i.e., the free electrons move in a completely uniform potential field due to fixed in the lattice.). The repulsion between the electrons is negligible.





e.  When an electric field is applied to the metals, the free electrons are accelerated in the direction opposite to the direction of applied electric field.
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ELECTRON THEORY OF METALS

Introduction:



The electron theory has been developed in three stages:



Stage 1.:- The Classical Free Electron Theory: 

	Drude and Lorentz developed this theory in 1900. According to this theory, the metals containing free electrons obey the laws of classical mechanics.



Stage 2:- The Quantum Free Electron Theory:

	Sommerfeld developed this theory during 1928. According to this theory, free electrons obey quantum laws.



Stage 3:- The Band Theory or Zone Theory:

		Bloch stated this theory in 1928. According to this theory, the free electrons move in a periodic field provided by lattice. This theory is also called “ Band theory of solids”.  The concept of hole, origin of band gap and effective mass of electrons are special features of this theory or Zone theory of metals
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